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Abstract

After the review on the virial expansion of an imperfect gas, several
combinatorial relations among the coefficients of the virial expansion
are discussed.

1 Virial expansion of an imperfect gas

The state sum or partition function ZN of an imperfect gas with N molecules
in the classical approximation is given by the following:

Here the density function 0 is

where qi = (Xi, Yi, Zi) is the coordinate of the i-th molecule with mass m,
Pi = (Xi, iii, Zi) is the momentum and dqi = dXidYidzi, dPi = dXidiJidzi. The
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Hamiltonian H of an imperfect gas is of the form:

N N

H = H(p, q) = f- LP/ + U(q) = 2~ L(Xj 2 + '!h 2 + i/) + U(q)
m . . 1

)=1 )=

with potential of the interaction between 2 molecules:

U(q) = L u(rij), rij = Iqi - qjl·

l~i<j~N

Then

Z - 1 J...J -H(p,q)/kTd d d d
N - N!h3N e PI . .. PN ql··· qN

1 J J -~ 2/2mkT 1 J J -U( )/kT= h
3N

. . . e L..PJ dPl ... dPN N! . . . e q dql ... dqN

3N

= (27T'mkT) "2 QN
h2 N!

where

QN = / ... / e-f3U (Q)dql ... dqN, (3 = k~

is the configurational state sum. We will expand the configurational state
sum after Ursell and Mayer-Mayer [4] as:

e-(3U(q) = IT e-(3u(r i j) = IT(1 + fij) = 1 +L fij +L fijfkl + ... ,
i<j i<j

where we put fij = f(rij), f(r) = e-(3u(r) -1 is the Mayer function. The last
sums are looked upon running through all the graphs with N vertices. We
can devide the concluding integrals according to the connected component,
that is the cluster of molecules, of the graphs.
Introduce the cluster integral:

b; = Vb/l!:= J... /L' IT !ij dql ... dql, (I> 1), bo = 0, b1 = 1
l~i<j~l

where V is the volume of the system and the sum L' runs over all the
connected graphs of vertices CD, ... ,(J) which are molecules, with edges fij

which indicate the interactions. Then we have the Ursell expansion:

~~, L P(IL) ITWbll!)m, = L IT (Vbl~ml
. W=(1"'12m2 ... )I-N l~l fL=(1 1Tl1 21T12 ... )I-N l~l mi·
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where

is the number of graphs of N vertices those have ml clusters of l vertices
(l 2:: 1), The grand state sum (T - /-l partition function) S := ~c;=0 ).,N ZN,

)., := eJ-L/kT is now calculated by

= fiLa (AI CK~kT) ¥ Vb l ) m, ~d

= IT exp(Vb1z l
) = exp (v L blZl)

l=O l~O

where z := ).,(21rmkT/ h2)3/2 is the fugacity, We get

InS = VLblz l
,

l~O

By thermodynamic identities:

N = kT ;/L InS(T,v,/L), P = k: InS,

we have 2 basic formula of an imperfect gas:

Introduce the irreducible integral:
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where ~' runs over connected graphs with k+ 1 vertices CD, ... , (k + 1) those
have no cut point. The irreducible integral 13~ is looked upon as more fun­
damental object than the cluster integral bz , as so is block than a connected
graph. Then Mayer-Mayer [4] and Husimi [1] showed the virial expansion:

kT ( 00 j 13j )p=-;; 1-L j + 1vj

J=l

that is the equation of state of an imperfect gas, and relations between the
cluster integral bz and the irreducible integral 13k:

Present note gives further relations among the quantities by using the
generating function of Husimi.

2 Relations

In order to deduce the above formula, Mayer-Mayer [4] gave a concrete combi­
natorial argument and Husimi [1] made use of generating function by showing
the following identities:

z = exp( -'P(w)), 'P(W):= L13kwk ,
k~l

1 N
W ·- - -­.- v - V

from analogy of counting function of Cayley tree. A graph theoretical argu­
ment by the Prufer code can also derive the formula(cf. [3]).

The relation between bz and 13k is as above

Conversely the expression of 13k from bz is given by
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where kii := k(k + 1) '" (k + n - 1) and I:~ takes over all the partitions of
the form p = (2m2

, 3m3
... ) ~ k + n with length l(p) = m2 + m3 + ... = n.

We give a computation. By the Husimi's identity: z = we-cp(w), we have

cp(w) = L fJk wk = In w -lnz.
k~l

Differentiating this,

I ~ k-l 1 1 dz
cp(w) = DkfJkw =----.

w zdw
k~l

Denote by [xk]¢(x) the coefficient of xk in a series ¢(x). Then by comparing
the coefficient of W k- 1 we get

o 1 0 1
= <SOk - [z ]- = - [z ]-

wk wk

since k > 1. By a basic identity: w = I:l>l lblzl = z(l + I:l>2lblZl-l) and

the binomial expansion: (1 + x)a = I:n~o [~)xn, we have -

Since I:l~2lblZl-l = O(z) we get

Expand

Then we get
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where the sum Ll
1
/2 ... ' runs over all (ll' l2, ... ,In) E zn with all li > 2 and

II +l2 +...+In = k+n. Put the partition p = (l1, l2, ... , In) = (2m2
, 3m3

, ... ) ~

k +n. Then its length is l(p) = m2 +m3 +... = nand

L C(p) IT(lbl)ml

p=(2m2 3m3 ... )f-k+n, l(p)=n l22

where C(p) := (m2,:3,.J = n!1 Ill22 mzl. Hence we obtain for k > 1, putting
aD: = a(a - 1) ... (a - n + 1),

as required.
Next we give a relation between the fugacity z and the numerical density

w = NIV of molecules. We know the basic identity:

By reversing the series:

2 (3 2 ) 3(8 3 ) 4= Z + 131 Z + 2131+ 132 Z + 3131 + 131132 + 133 Z +"',
we get

z = w - 2b2w2 + (8b~ - 3b3)W
3- (40b~ -- 30b2b3+ 4b4 )W

4 + .

= w ~ (31 w2 + (~i -(32) w3 - (~ - (31(3d (33) w
4+ .

The general coefficient [wZ]z can be computed by the similar method using
the identity: z = we-cp(w) or by the Lagrange inversion of series expansion.
We give the result:
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L II
(-f3k)n k

l > 1.
nk'

(ln12n2 ... )H-l k~l .

As observed in [4] these combinatorial relations among coefficients bear an
arresting resemblance one another.

References

[2] H. Kajimoto, An Extension of the Pufer code and Assembly of Connected
Graphs from their Blocks, Graphs and Combinatorics, 19, 231-239, 2003.

[ ]
h. ll;l---a-:r .f,;t;,~t---h~ :f:t---L...b~3 /\I~7C..1..L, ~YLp .JJ::r-, /~JL£s 11,1952.

[4] J.E. Mayer and M.G. Mayer, Statistical Mechanics, John Wiley and Sons,
Inc, New York, 1947.


