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Abstract

After the review on the virial expansion of an imperfect gas, several
combinatorial relations among the coeflicients of the virial expansion
are discussed.

1 Virial expansion of an imperfect gas

The state sum or partition function Zy of an imperfect gas with N molecules
in the classical approximation is given by the following:

Iy = Ze‘El/kT = / e BFTO(E)dE.
0

l

Here the density function €2 is

1
Q(E)AE = W// dp1...dpndq; . .. dgn,
! E-AE<H<E

where ¢; = (z;,y;, z;) is the coordinate of the i-th molecule with mass m,
pi = (&3, Us, 2;) is the momentum and dg; = dz,dy;dz;, dp; = di;dy;dz;. The
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Hamiltonian H of an imperfect gas is of the form:

H=H Zp]+U Za:y+y3+zj)+U()

with potential of the interaction between 2 molecules:

Ulg)= ), ulry), 7y=la—gl

1<i<j<N

1
2N = Niav / / e HPO/K dp, . dpndgy ... dgy

= N / / ~XRamkT gy — Nl / / Do . dgn

2rmkT
h? N !

1
QNI/'--/e_ﬂU(q)dql...qu, ﬁ:ﬁ

is the configurational state sum. We will expand the configurational state
sum after Ursell and Mayer—Mayer [4] as:

o0 _ e = T[0+ ) =1+ 5y + S -

1<] <]

where we put f;; = f(ri;), f(r) = e ") —1 is the Mayer function. The last
sums are looked upon running through all the graphs with N vertices. We
can devide the concluding integrals according to the connected component,
that is the cluster of molecules, of the graphs.

Introduce the cluster integral:

bl Vil —/ /Z H fz] d(h dql, (l > 1) by = 0, by =1

1<i<y<l

Then

where

where V is the volume of the system and the sum Y.’ runs over all the
connected graphs of vertices (D),...,(D which are molecules, with edges f;;
which indicate the interactions. Then we have the Ursell expansion:

D 1) | (O CED DR | e

p=(1m12m2. )N >1 p=(1"12m2 )FN [>1
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where

N!
P(p) = P(I™, 2", = (72 L) EN s N =Y )

)= =
L, tmmy! I>1

is the number of graphs of N vertices those have m; clusters of [ vertices
(I > 1). The grand state sum (T — p partition function) Z := Y %_, AV Zy,
A := e/*T is now calculated by

=(1m12m2. )FN [>1

= ﬁ exp(Vbh2') = exp (V Z blzl)

1=0 1>0

where z := A(2rmkT /h?)%/? is the fugacity. We get

ln::VZblzl.

1>0
By thermodynamic identities:
0 kT
N =kT—InZ(T =—InZ=
8/,1, n ( ? V) ,u“)7 p V n b

we have 2 basic formula of an imperfect gas:

1 N
l l

Introduce the irreducible integral:

go=vekti= [« [Y T fdar-down

1<i<j<k+1
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where Y’ runs over connected graphs with k41 vertices (D,. . ., those
have no cut point. The irreducible integral f; is looked upon as more fun-
damental object than the cluster integral b;, as so is block than a connected
graph. Then Mayer-Mayer [4] and Husimi [1] showed the virial expansion:

kT =~ i B
= 1=
P= ( Z]+1vﬂ>

that is the equation of state of an imperfect gas, and relations between the
cluster integral b; and the irreducible integral (Gy:

l
m- Y [T
C(amigm2, )H-1 j>1

Present note gives further relations among the quantities by using the
generating function of Husimi.

2 Relations

In order to deduce the above formula, Mayer-Mayer [4] gave a concrete combi-
natorial argument and Husimi [1] made use of generating function by showing
the following identities:

<|=

z = exp(—yp(w) Zﬁkw W=

()

from analogy of counting function of Cayley tree. A graph theoretical argu-
ment by the Priifer code can also derive the formula(cf. [3])
The relation between b; and F;, is as above

LDV I

(1m12m2. -1 j>1

Conversely the expression of §; from b, is given by

k

kﬁk _ Z n+1knz H - > 1,

n=1 p 1[>2
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where k" := k(k+1)---(k+n—1) and Z; takes over all the partitions of
the form p = (2™2,3™ .. ) F k + n with length I(p) = ms + m3+--- =n.
We give a computation. By the Husimi’s identity: z = we=?®"), we have

o(w) = Zﬁkwk =lhw-Inz.
Differentiating this,

, _ 1 1dz
@(w):Zk:ﬁkwk l=— - —,

Denote by [z*]é(z) the coefficient of ¥ in a series ¢(z). Then by comparing

the coefficient of w*~! we get
1 @' (w) 1 7{ dw 1 j{dz
k-1
dw = —
=Wy (w) = 27rz]{ wk T om P T o P b
1 1
_ 0
= o — [2 ]ﬁ —[Z]wk

since k > 1. By a basic identity: w = Y75, Ibzt = 2(1+ 37,5, b2"") and
the binomial expansion: (1+z)*=73_ -, ( )a", we have

-k n
—k
. <1 ; ZW—1> -y () (Z zmzl—l)
1>2 n>0 1>2

Since Y5, 102"t = O(2) we get

s (O ge) -2 (elze)

n

Expand

(Z lblzlﬁl) = Z llbllllez . lnblnzll+lz+m+ln—n‘

1>2 I,02yeln>2
Then we get

[24] (Z zm“) = 'H

1>2
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where the sum le,lz..., runs over all (Iy,lo,...,1,) € Z" with all [; > 2 and
li+lo+- - -+1, = k+n. Put the partition p = (I1,ly,...,1,) = (2™2,3™3, .. ) F

k 4+ n. Then its length is I(p) = mg +mz + -+ =n and
¥ (Z lblzl‘1> = > C(p) H(lbl)ml
=2 p=(2m23™3.. }k+n, l(p)=n >2

where C(p) := (,, ) =n!/[];s,mu!. Hence we obtain for k& > 1, putting

ma,mag,...

a?=ala—1)--(a—n+1),

k

=3 = S

n=1 >2 n=1 p 1>2

as required.
Next we give a relation between the fugacity z and the numerical density
w = N/V of molecules. We know the basic identity:

w = Zlb;zl.

1>1

By reversing the series:

W=z + 2by2% + 332> + 4byzt + - -

3 /8
=2+ (122 + (é‘ﬁf‘i‘ﬁg) Z3+(§ﬁ§+ﬁlﬁ2+ﬁ3> A
we get

z = w — 2byw® + (8b3 — 3b3)w® — (40b3 — 30bybs + 4bs)w* +

=w — fw? + (%2- - 2) w?® — (ﬂl 132 +53>

The general coefficient [w!]z can be computed by the similar method using
the identity: z = we ™) or by the Lagrange inversion of series expansion.
We give the result:

Nl)—l

~ kby )™

p=(2m23M3 _J-l4+n—1, l(p)=n k>2
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(1m12m2. )1 k>1

As observed in [4] these combinatorial relations among coeflicients bear an
arresting resemblance one another.
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