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Abstract

Let K=F(x, y) be an algebraic function field over a finite prime field F
defined by an equation y*=z*+a(as 0, a=F). Then, under the assumption
p=1 mod 5, the L-function of K is computed by relating it to the Hasse-Witt
matrix of K.

1. Introduction. Let F=GF(p) be a finite prime field of characteristic
p#42. Let K=F(x, y) be an algebraic function field over F defined by an
equation y*=z’+a (a0, a=F). We wish to study the numerator

L(u)=1+au+au’*+ pau’+ p'u*
of the zeta-function of K.

We have already discussed the particular case of p=2,3,4 mod 5 in [4],

[5]. In fact, if p=2,3 mod 5, then
L(u)=1+p%',

and if p=4 mod 5, then
L(u)=1+2pu*+piu*.

Thus, in this note, we will go further to discuss the remaining case, that
is, p=1 mod 5. Let N, be the number of prime divisors of degree one of K.
Moreover, we will denote a constant field extension of K of degree two by K,
and also the number of prime divisors of degree one of K; by N,® . Applying
the general theory in Hasse [1] to our case, we can immediately obtain the
following formulae

N,=p+1+¢,, N, ®=p*+1+c,,
where ¢, and ¢, mean the so-called error terms and they satisfy the inequalities

(1) al=4vp, lel<4p.

Then, the coefficients a, and a, are given by

(2) a,=c,, 2a,=c’*+c,.
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On the other hand, let A be the Hasse-Witt matrix of K. Then, we have
already proved that
{ Trace A = 1—N,,
Trace A**'= 1-N,®
where the notation m means the residue class modulo p represented by an integer
m.([3]).
It follows that

(3)

Thus, in order to determine error terms, we will use information about the
Hasse-Witt matrix, which is carried out in 2. In 3, we give explicit expressions
for the coefficients of the L-function.

{ ¢,=—Trace A
c,=—Trace A®.

2. Hasse-Witt matrices. The Hasse-Witt matrices of a hyperelliptic
function field has been discussed by Miller [2]. In this note, we limite ourselves
only to the case where a hyperelliptic function field K=F(x, y) is defined by

y'=x'+a, (a0 ,aEF),
over a finite prime field F=GF(p) with characteristic p. Throughout this note,
we will always assume that p= 1 mod 5.
Let Au,» (0<u,v<1) be the coefficient of x**' in the following polynomial

2o1 p-1 by
V(P +a) | vt =%( Z ( z ) a ¢ L 5;+u+1)
0<i=2t

i

where ¥ means the p~'—linear operator satisfying

0 if (p,w)=1,
‘I’(xw)z{ w

z ? otherwise.
Then, the square matrix A=(A.,») is called the Hasse-Witt matrix of K. Because
of the fact that the solutions (u, v, i) of the equation

Situ+tl=p(v+1), (0=u,v=l, os_igf—;i)
are given by (0, O,P?_l) and (1, 1,2%—-2), we have
-1 3b-3 P-1 -1
2 10 2 10
A0»1=A1)0=0’ Ao,o= a > Au1= a
b1 2p-2

This implies that
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b-1 3b-3 p-1 b-1
2 10 2 10
Trace A=A,,,+A,,,= a + a ,
p-1 21’_:.2;
(4)
p-1\2 aps. [ 2-1\2 s
5 2
Trace A2=A0)02+A1y12= a -+ a
_b-1 eb-2
5 5

THEOREM 1. We will conveniently denote the representative in Z of a=F by

the same letter a. Let s, s, be, respectively the integers satisfying
_b-1 3p-3 -1 b1
2 10 2 10 P
5= a + a mod p, |s | <~
-1 20 -2 2
5
(5)
p-1\2 3b-3 p-1\2 p-1
2 5 2 5 P
52 = a + a mod p, [s|<—7-.
b-1 2p-2 2

Then, ¢, and ¢, can be expressed in the form
¢, =pt—s,, (—1=r=<1),
(6) {62=P5'—Sz, (—4=1'=4).
Especially, if p = 11 then ¢,= —s,.

Proor. Combining (3),(4) and (5) gives us

= —s5, and ¢, = —s,.

Moreover, because of p=1 mod 5, we can easily obtain %p> 4vp. So the

inequalities (1) lead to
el<-3-p and lolS4p.

Therefore, inequalities |s,| < p/2 and |s,| < p/2 lead to the desired results (6).
If p=71, then it is clear that p/2 >41/p and so |¢,|< p/2. Thus we get
¢,=—s,. This completes the proof of the theorem.

3. Error terms ¢, and ¢,. We will now determine ¢ and ¢’ in Theorem 1.
Let ¢ and ¢, be the quadratic characters of F=GF(p) and F,=GF(p*) respe-
ctively. Then, the error terms ¢, and ¢, are given by

(1) o= 2, ¢ +a), o= 2 ¢ (B+a).

acsF BeF,
LEMMA 1. If p=1 mod 5, then clz(—%) mod 5

where (%) means the Legendre symbol, that is, (_a_

5 ) = ¢(@.
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Proor. Let us denote by » a generating element of the cyclic group F—{0}.
Then, by the definition (7) of ¢,, we have

a=¢@+ 2 @i+ a
1<=p—1

—(L)+s _ 2 eGtita
Vg 1=i<(p-1)/5

(_g‘) mod 5.

LEMMA 1. If p=1 mod 5, then
6 mod 10 if xs(a) =1,
(8) C = .
1 mod 10 otherwise .

where Xs means a multiplicative character of order 5 of F.

Proor. Let us denote by o a generating element of the cyclic group F,—{0}.
Then, by the definition (7) of ¢, and of ¢, (a) = 1, we have
(9) ¢;=1+35 > . (6% + a).
1=0<(p*-1)/5
If xs(@) =1, then o +a= 0 (1 << (p*—1)/5) has one solution ¢ and if
Xs (@) %1, then 0% + a£0 (1<i< (p*—1)/5).
This implies that

b+ @=L

1 (1 mod?2 if %5 (a) =1,
1=i=<(p™1)/5 5 =

0 0 mod 2 otherwise.

Therefore, in view of the formula (9), we see the desired congruence (8).

THEOREM 2. Let p=1 mod 5. Let the integers s, and s, be as in Theorem
1. Moreover, let t, and t, be, respectively, the integers satisfying

t1—=‘s,+(%> mod 5, (-1 D),
{6 mod 10 if x;(a) =1,
t,=s,t+
1 mod 10 otherwise, (—4<t,<4).

Then, we have
{Cl = pt, — sy,

Cy = pt; — 5.

(10)

Proor. By making use of Theorem 1, ¢, and ¢, can be eéxpressed in the
form
feo=pt—s, (—1Zt K1),
{czzpt’—sz, (-4’ =4).
So, because of p=1 mod 5 and of p=1 mod 10, we have
c, =t — s mod 5,
{cZEt’ — s, mod 10.
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Thus, Lemma 1 and Lemma 2 lead to
t=s, + c,Esl—i-(%) mod 5,

6 mod 10 if xs(a) =1,

t'=s5,+c, =5+ .
ST =% {1 mod 10 otherwise.

Therefore, ¢ and t’, respectively, coincide with # and 2, and so we have the
desired assertions (10).

Substiuting (10) in the formulae (2) gives us the following result.

COROLLARY. If p=1 mod 5, then
{ a = pty — 5
2a, = (pt, — 5,)° + Pty — 5,.
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